The dimensional reduction of (the bosonic sector of) five-dimensional minimal supergravity to four dimensions leads to a theory with a massless axion and a dilaton coupled to gravity and two U (1) gauge fields (one of which has Chern-Simons coupling), whose field equations have SL(2, R) invariance. Utilizing this SL(2, R)-duality, we provide a new formalism for solution generation. As an example, applying it to the Rasheed solutions, which are known to describe dyonic rotating black holes (from the four-dimensional point of view) of five-dimensional pure gravity, we obtain rotating Kaluza-Klein black hole solutions in five-dimensional minimal supergravity. We also show that the solutions have six charges: mass, angular momentum, Kaluza-Klein electric/magnetic charges and electric/magnetic charges of the Maxwell field, four of which are related by a constraint.
Hidden symmetries that a theory possesses often make it possible for us to find new solutions. It has been known for a long time that dimensionally reduced gravity (and supergravity) theories typically possess a non-compact group global symmetry [33] [34] [35] [36] [37] , which enables us to generate a new solution by acting this group transformation on a known "seed" solution. The dimensional reduction of five-dimensional minimal supergravity [38] to four dimensions was performed in [39] and reconsidered in [40] , where in the latter the similarity of five-dimensional minimal supergravity to eleven-dimensional supergravity was emphasized. In particular, it was shown there [40] that the D = 4 reduced theory have SL(2, R) symmetry precisely in the same manner as D = 4, N = 8 supergravity (which is obtained by dimensional reduction of D = 11 supergravity [41] ) exhibits E 7(+7) symmetry [37] , which is the continuous version of U-duality [42] (see [43] for a review) in typeII string theory. Also, in the presence of two space-like commuting Killing vector fields, it is described by the G 2(+2) /SO(4) (or /SO(2, 2) = /[SL(2, R) × SL(2, R)] if one of the Killing vector is time-like) sigma model couple to gravity analogous to the E 8(+8) /SO(16) sigma model [44] arising in the dimensional reduction of D = 11 supergravity to three dimensions. The similarity of the structures of these two sigma models is made manifest by the use of Freudenthal's realization of the Lie algebras, G 2 and E 8 [40, 45, 46] . So far, various types of black hole solutions in five-dimensional theories have been derived with the help of recent development of solution-generation techniques, such as non-linear sigma model approach [18-21, 47-50, 52, 53] , as well as supersymmetric black hole solutions [10, 54, 55] . In this paper, we utilize the above-mentioned SL(2, R) symmetry of the dimensionally reduced five-dimensional minimal supergravity to four dimensions. The bosonic sector consists of two Maxwell fields, a massless axion and a dilaton, all coupled to gravity. As was shown in Ref. [40] , the equations of motions (derived by the dimensional reduction) are invariant under the action of a global SL(2, R) group, by which Maxwell's fields are related to Kaluza-Klein's electromagnetic fields. This SL(2, R)-duality admits us to generate a new solution in (the bosonic sector of) five-dimensional minimal supergravity by stating from a certain known solution in the same theory [63] . One of the advantages of this D = 4 SL(2, R) duality is that, unlike the D = 3 (G 2(+2) ) duality, one need not integrate back the dualized scalar potentials to recover the U (1) gauge fields, which is in general a complicated problem. Another advantage is that this transformation preserves the asymptotic behavior of the solutions at infinity. The similar type of electric-magnetic duality in non-linear electromagnetism has been studied in earlier works [56, 57] .
The known examples of Kaluza-Klein black holes within (the bosonic sector of) five-dimensional minimal supergravity are summarized in TABLE I (except trivial solutions such as black strings), where they are classified according to their conserved charges (mass, angular momentum, Kaluza-Klein electric/magnetic charges and electric/magnetic charges of the Maxwell field) which the dimensionally reduced four-dimensional black holes carry. As seen in the list, the most general black hole solutions having six independent charges, which are expected to exist, have not been discovered so far. [64] The purpose of this paper is to develop a new solution-generation technique by applying the framework of the SL(2, R)-duality to a known starting-point solution in five-dimensional theories, in order to find exact solutions of such general black hole solutions with six charges in five-dimensional minimal supergravity. As we will see, we will indeed find a six-charge solution starting from a four-charge (the Rasheed) solution, but unfortunately these six charges are not independent but related by a single constraint. We expect, however, that by further applying another different SL(2, R) transformation associated with a different choice of a Killing vector we may be able to find full six-parameter solutions; the work is in progress.
The remainder of this paper is organized as follows: In the next section, we will briefly describe our strategy for the solution-generation technique and write down some necessary formulas, such as the equations of motion and the definitions of relevant fields. In Section III, by acting the SL(2, R) transformation on a certain seed solution, we write down some necessary formulas. In Section IV, we provide some necessary information concerning the Rasheed solution, which we use as a seed in this paper. In Section V, we present new black hole solutions and study some basic properties, such as asymptotic charges, its topology and regularity. Section VI is devoted to summarizing our results and discussing our formalism.
Notational remark: In this paper we use many "A"'s for different quantities; to avoid confusion we summarize their definitions here: A M denotes the five-dimensional Maxwell field in minimal supergravity. A µ is the four-dimensional spacetime component, and A 5 is the fifth component and becomes an axion upon reduction to four dimensions. A ′ µ is the Kaluza-Klein-independent gauge potential, andÃ µ is the dual gauge potential. All these are transformed by the SL(2, R) transformation and have corresponding "new" quantities, which are indicated by the superscript new . On the other hand, by just "A" we mean the scalar function used in the metric of the Rasheed solution. This A does not change under the SL(2, R) transformation, and hence there is no "new" quantity for this A (see below). The symbol 2A
, which only appears in the remark above (23) and a footnote, is replaced in this paper with B µ , the Kaluza-Klein gauge potential. Finally, the calligraphic A is used as the five-dimensional 1-form A M dx M , and
µ dx µ are also 1-forms. (Without "new" we do not use such an abbreviation, otherwise it would conflict with Rasheed's scalar function A.)
II. D=4 SL(2,R) DUALITY
In this section we review the SL(2, R) duality symmetry [40] of five-dimensional minimal supergravity [38, 39] dimensionally reduced to four dimensions. The bosonic Lagrangian that we use is
The indices M, N, . . . run over 0, 1, 2, 3 and 5.
and hence E (5) = √ −G (5) . Finally, ǫ MN P QR is densitized, taking values ±1.
We consider solutions which allow a Killing vector field, and take a suitable coordinate system so that the Killing vector is written as ∂/∂x 5 . Denoting the rest of the coordinates as x µ (µ = 0, 1, 2, 3), we decompose the vielbein and gauge field in the form
Such a class of solutions satisfy equations of motion derived from the Lagrangian with the x 5 dependence dropped [39] :
where
and
The scalar part of the Lagrangian (6) is already in the form of the SL(2, R)/U (1) nonlinear sigma model. To show that the whole system has an SL(2, R) symmetry, one needs to express the degrees of freedom of the four-dimensional gauge field A µ in terms of its electro-magnetic dualÃ µ [37, 40] . To do this we add to (6) a Lagrange multiplier term
partially integrate it and complete the square. Discarding the perfect square, one finds [40] 
N µνρσ is a two-by-two matrix in the form
with
The square term discarded in (12) gives a relation between A µ andÃ µ : * F
The dimensionally reduced system has two independent four-dimensional gauge fields, the Kaluza-Klein gauge field B µ (= 2A (Rasheed) µ in the notation of [47] ) and the dual of the four-dimensional component of the gauge fieldÃ µ . The SL(2, R) symmetry mixes these two and their electromagnetic duals together into a linear combination. More precisely, if one defines
and write the four "field strengths" in a single column vector
then it can be shown that F µν satisfies
is the invariant matrix of Sp(4).
To see the SL(2, R) invariance in the vector sector, it is convenient to introduce representation matrices of the SL(2, R) Chevalley generators embedded in Sp(4):
and their similarity transformations
Then we can write
Let Λ ∈ SL(2, R) generated by E ′ , F ′ and H ′ . Then
Therefore the equations of motion and the Bianchi identity are invariant under
Also using R = (V − V + ) T V − V + , the scalar Lagrangian can be written as
which is also invariant under (34) . The trace in (35) is taken in the 4 representation (29).
This is precisely analogous to the dimensional reduction of eleven-dimensional supergravity [41] to four-dimensions [37] , where the coset is then E 7(+7) /SU (8) and twenty-eight vector fields are similarly doubled and transform as 56 of E 7 represented as Sp (56) matrices [42] . The four gauge fields (Ã µ , B µ and their electro-magnetic duals) transform as 4 (that is, spin-3 2 ) representation of SL(2.R). Therefore,Ã µ , B µ are not on equal footing; upon further dimensional reduction to three dimensions,Ã µ (B µ ) corresponds to a short(long) root of the non-simply-laced Lie algebra G 2 [45] .
Finally, since HÃ µν (23) is the "dual of dual", it is essentially the field strength of the original gauge field before the dual is taken. More precisely, it can be shown that
III. SOLUTION GENERATION
Utilizing the SL(2, R) symmetry which the field equations in the dimensionally reduced four-dimensional spacetime have, one can generate new solutions from already known solutions within five-dimensional minimal supergravity; the latter are often called seed solutions in the context of solution-generation techniques. The strategy to generate a new solution consists in the following steps: First, to reduce the five-dimensional spacetime to four dimensions, one must choose a Killing vector ξ = ∂/∂w so that the metric and gauge potential 1-form does not depends on the parameter w (in this paper, we take it to be the U (1) generator of compactified fifth direction ∂/∂x 5 ). The dimensional reduction of the five-dimensional metric and the Maxwell field yields the four-dimensional Einstein theory with two Maxwell fields, a dilaton, and an axion. From the dimensionally reduced metric and the gauge fields, one reads off the dilaton, axion (ρ, A 5 ) and the Maxwell field, Kaluza-Klein gauge field (A µ , B µ ). In terms of the scalar fields and vector fields for a seed solution, one constructs the matrix R and the field strength vector F µν . Next, applying a suitable SL(2, R)-transformation to the matrix R and the four-vector F µν representing the seed solution, i.e. R → Λ T RΛ, A. Scalar fields -axion and dilatonTo derive the transformation rules for the two scalar fields, it is more convenient to use the 2×2-matrix representation of SL(2, R) rather than the 4 × 4-matrix representation introduced in the previous section. The isomorphism π maps the generators as follows:
In general, any group element of SL(2, R) can be decomposed in this defining representation as
if d = 0, where a, b, c, d, α, β and δ are all real numbers with ad − bc = 0 and δ = 0. Also, the element with d = 0 can be obtained by blowing up the singularity that occurs in the limit δ → 0. Therefore, a general choice for Λ is
However, it turns out that the middle factor coming from the Cartan subalgebra does not produce any new solution but only changes the values of the parameters of the solution. Therefore we choose
and compute R new , following Eq. (34) . Using the isomorphism (37), we find
In particular, if we transform vacuum solutions of five-dimensional Einstein theory, we can set the axion A 5 to be 0. In this case, from Eq. (42), the transformed dilaton field and axion field read:
B. Vector fields -Kaluza-Klein gauge field and Maxwell fieldNext, we consider the sector of two vector fields, the Kaluza-Klein gauge field and the Maxwell field. The transformation (33) with Λ = e −αE ′ e −βF ′ yields
Again, if the seed solution has no Maxwell fields, the field-strength vector F µν is simplified to
and the new Kaluza-Klein gauge field strength can be written in the form:
Here, let us define the dual 1-formB =B µ dx µ for the 1-form
The equation of motion for the vector B µ assures existence of such a 1-formB. Then, for the transformed solutions, in terms ofB, the Kaluza-Klein gauge potential 1-form B new = B new µ dx µ can be written as
On
which can be integrated to give
Recall (Eq. (9)) that the 1-form A ′new can be written as
Therefore, the new gauge potential 1-form
IV. RASHEED SOLUTION
In the following section, using the SL(2, R)-transformation mentioned in the previous section, we will generate a new rotating black hole solution, starting from the Rasheed solution [47] . Hence, in this section, we briefly review the Rasheed solutions in five-dimensional pure gravity. The metric of the Rasheed solution is given by
where the four-dimensional (dimensionally reduced) metric is given by
Here the functions (A, B, C, ω 0 φ , ω 5 φ , f 2 , ∆) and the 1-form B µ [66] are
where B µ describes the electromagnetic vector potential derived by dimensional reduction to four dimension. Here the constants, (M, P, Q, J, Σ), mean the mass, Kaluza-Klein magnetic charge, Kaluza-Klein electric charge, angular momentum along four dimension and dilaton charge, respectively, which are parameterized by the two parameters (α,β)
Note that all the above parameters are not independent since they are related through the equation
and the constant M k is written in terms of these parameters
The constant J is also related to a by
The dilaton and axion fields for the Rasheed solution are, respectively,
The Kaluza-Klein gauge field and Maxwell field are, respectively,
V. NEW SOLUTIONS
Performing a series of the SL(2, R) transformations Λ = e −αE ′ e −βF ′ (α, β: constants) for the Rasheed solutions in five-dimensional Einstein theory, we can obtain new solutions in the bosonic sector of five-dimensional minimal supergravity. From Eqs. (73), (43) and (44), the dilaton field and axion field for new solutions are given by, respectively,
Integrating Eq. (49) for the Rasheed solutions (see Eq. (64)) and further using the formulas (50) and (54), we see that the Kaluza-Klein U (1) field and Maxwell U (1) field for the new solutions are written as
To summarize, in terms of the two parameters (α, β), the metric is in the form:
where the four-dimensional metric is the same as that of the seed solutions (given by Eq. (56)).
In order that the metric takes the standard asymptotic form, let us now consider the rescale of the coordinates:
and the redefinition of the parameters:
where N = β 2 + γ 2 (γ ≡ 1 + αβ). In this case, we note that
The rescaled metric and gauge field are written in the form:
where the four-dimensional metric is also invariant under the rescale (given by Eq. (56)). The dilaton field and axion are also written as, respectively,
Here, the constantsβ andγ are defined byγ
A. Asymptotic structure and conserved charges
Next we study the asymptotics of the obtained solutions. The metric at infinity, r → ∞, behaves as
and the gauge potential behaves as
At infinity, our solutions behave as a four-dimensional flat spacetime plus a ecirclef and hence describe a Kaluza-Klein black hole. As shown by Ref. [51] , this coincides with the asymptotic behaviors for a compactified spacetime in the five-dimensional minimal supergravity. Thus, we see that the SL(2, R) transformation preserves the five-dimensional Kaluza-Klein asymptotic. On the other hand, the four-dimensional metric at infinity behaves as
The gauge potentials for Kaluza-Klein and Maxwell fields behaves as, respectively,
Here, the constants M and J are the asymptotic conserved mass and angular momentum for the dimensionally reduced spacetime. For stationary, axisymmetric spacetimes with Killing symmetries ξ µ t = (∂/∂t) µ and ξ µ φ = (∂/∂φ) µ , the charges can be defined over the two-surface at spatial infinity S 2 ∞ as, respectively,
where ξ t and ξ φ without the index denote 1-forms, i.e., ξ t = g tµ dx µ and ξ φ = g φµ dx µ . The (Kaluza-Klein) electric charge and magnetic charge for the gauge field B µ are defined as, respectively,
where S 2 denotes a closed two-surface surrounding the black hole and the two form field B is defined by B = 1 2 B µν dx µ ∧ dx ν . Similarly, the electric charge and magnetic charge for the gauge field A µ are defined as, respectively,
From the asymptotic behaviors of the metric and gauge potential, we can read off the values of the charges of the new solutions:
We mention that similar transformations of charges have been obtained in a (different) N = 2 supergravity [59] . The scalar charge Σ ρ and axion charge Σ a are written as
B. Horizon
As will be shown below, the horizons exist at the values of r = r ± which satisfies the quadratic equation ∆ = 0 when the parameters satisfy the inequality
which is the necessary condition for existence of horizons. Let us introduce the new coordinates (t
where the functions F, H and H are defined by
Here, we denote ω 0 φ (r + , θ) and ω 5 φ (r + , θ) by ω 0 φ (r + ) and ω 5 φ (r + ) simply, respectively. In terms of the coordinates (t ′ , φ ′ , x ′5 ), the metric can be written as
where the four-dimensional metric is
The constants c i (i = 0, 1, 2) and d 0 are
We can see that the metric well behaves at r = r ± . Furthermore, to see that the surfaces r = r ± are Killing horizons,
Then, near r = r ± , the metric behaves as
where the functions f 1 and f 2 are defined by
From this, one see that the Killing vector V = ∂/∂v becomes null on the null surfaces r = r ± . Moreover V µ dx µ = g vr dr holds there, so that V is tangent to the surfaces. Therefore this shows that the surfaces r = r ± are Killing horizons.
We now consider what the topology of the spatial cross section of the horizon, which is given by the roots of ∆ = 0, is from the five-dimensional point of view. From the four dimensional point of view, it is evident that each t, r=constant surface is topologically S 2 . It hence follows that in the five-dimensional spacetime, each t, r=constant surfaces can be regarded as a U (1) principle bundle over S 2 . In this case, to know the topology of the fiber bundle, it is convenient to consider the first Chern number of the surface. which is defined as
where B = 1 2 B µν dx µ ∧ dx ν and the periodicity of the fifth coordinate x 5 is set to be
From Eq. (85), we can compute the first Chern number as
which means that each t, r=constant surface (hence the spatial cross section of the horizon) is diffeomorphic to S 3 .
VI. SUMMARY AND DISCUSSION
In this paper, we have presented new Kaluza-Klein black hole solutions in five-dimensional minimal supergravity. We have used the SL(2, R) duality symmetry that the reduced Lagrangian possesses upon reduction to four dimensions. We have also studied regularity on horizons and have shown that our black hole solutions have six conserved charges (but see below). From a four-dimensional point of view, our solutions can be regarded as dyonic rotating black holes which have electric and magnetic charges of the Maxwell fields in addition to Kaluza-Klein electric and magnetic monopole charges. From the five-dimensional point of view, like known Kaluza-Klein charged black hole solutions, the black hole spacetime has two horizons, the outer and inner horizons, and although the cross-section geometry of the outer horizon is of S 3 , at large distances the spacetime behaves effectively as a four-dimensional spacetime.
First, we would like to comment on how many independent parameters our solutions have. As mentioned previously, although our solutions carry six charges, we find that not all are independent. To see this, it is straightforward to compute the Jacobian, which is computed as
This means that the relation between the four charges (Q new , P new , q new , p new ) and the four parameters (Q, P, α, β) is not one-to-one. This fact can also be recognized as follows: In terms of β and γ(≡ 1 + αβ), the new charges are written as
where for simplicity we divide (p new , q new ) by √ 3. The set of charges P Q can be solved in two ways, using x ≡ β/γ:
Eliminating P Q from these equations, we find
where s ≡ 1 2 is also determined by the equation
Only the solutions with charges satisfying (132) can be generated. For this reason, our solutions do not have a limit to the Ishihara-Matsuno solutions.
The constraint between the charges may be regarded as a consequence of the fact that the E 7(+7) U-duality transformation does not change the quartic invariant [37] , which is made of an E 7 multiplet in the 56 representation. Indeed, by using the consistent truncation [58] , one can see what becomes of the quartic invariant of E 7(+7) in the dimensionally reduced D = 5 minimal supergravity. The result is a certain quartic invariant of SL(2, R) made out of, in this case, an SL(2, R) multiplet in the 4 representation.
It is natural to think that the most general black hole solutions within the theory -if exist-should have independent six charges. In principle, our technique would allows to generate such solutions with maximal number of parameters (a mass, an angular momentum, two electric charges, and two magnetic charges), depending on the choice of a seed and a Killing vector. We leave this issue open for future work.
Moreover, in connection with the above discussion concerning the parameter independence, we here mention the difference between the five-parameter solutions constructed in this paper and other five-parameter solutions in Ref. [50] , which have recently been constructed by a non-linear sigma model approach (SO(4, 4)-duality) in five-dimensional U (1) 3 ungauged supergravity (as well known, identifying three U (1) gauge fields and freezing out the moduli fields [49] in the theory yields five-dimensional minimal supergravity.). For the solutions in Ref. [50] the dimensionally reduced solutions have not only the electric charge q and magnetic charge p but also a nut parameter, so that the fourdimensional metric is no longer asymptotically Minkowskian. When one takes the vanishing limit of the nut parameter, both the charges must vanish. By contrast, our solutions does not have such a nut parameter, and it turns out that when the parameters satisfyγQ =βP (orγP = −βQ), the electric charge q new (p new ) vanishes but the magnetic charge p new (q new ) does not.
Next, we provide some further remarks on the solution-generation technique by the (D = 3) non-linear sigma in [52] ′A , which is so-called inverse dualization and also requires solving some linear partial differential equations. Although the construction of the new target space variables via the hidden symmetry transformations is a relatively simple problem, some complications often arise in solving the dualization equations for the one-form fields to scalars. However, for our formalism, we would like to emphasize that unlike the sigma model approach, it is only when one computes the 1-formB from the Kaluza-Klein gauge field B for a seed solution in Eq.(49) that one has to solve such partial differential equations. An interesting application can be expected for the construction of a wider class of black hole solutions.
Finally, we would like to make a few comments on the transformation preserving asymptotics. All the actions of the SL(2, R) group on a five-dimensional Kaluza-Klein type of solution preserve its asymptotic structure, i.e., if we start with an asymptotically Kaluza-Klein solution as a seed, the transformed solution is also sure to be an asymptotically Kaluza-Klein solution. (This should be compared with the D = 3 duality, where only the denominator subgroup H of the G/H sigma model preserves the asymptotics [60] ; the D = 4 SL(2, R) here becomes a part of the denominator subgroup upon further reduction to three dimensions.) We can see this by the following simple consideration: When we choose the generator of the fifth direction ∂/∂x 5 as a Killing vector in dimensional reduction, it is evident that for the starting-point Kaluza-Klein black hole solution, the dilaton field ρ and axion field A 5 at infinity behave as constants. From Eq. (43), it hence follows that under the global SL(2, R) linear transformation, the transformed dilaton field at infinity also have to behave as constant, and that furthermore under the transformation, the four-dimensional metric ds 2 (4) is invariant. Therefore, Kaluza-Klein asymptotics is preserved by this transformation, while, as is easily seen, the SL(2, R)-transformation in general cannot preserve asymptotic flatness (asymptotic Minkowskian).
charges [61] .
[65] This notation "1-form B = Bµdx µ " is only used in this subsection. To avoid confusion with Rasheed's B, we will henceforth write it as Bµdx µ explicitly.
[66] To avoid confusion with the Maxwell field, we denote in this paper the Kaluza-Klein vector field as Bµ, instead of 2A (Rasheed) µ used in the original article [47] .
